Price Dispersion and Cost-Of-Living Indexes

Robert McClelland
PSB, Room 3105
Washington, D.C. 20212
MCCLELLAND R@BLS.GOV

November 5, 1996

The author would like to thank Mike Baye, Tim Erickson, Brent Moulton, Marshall Reinsdorf

and participants of seminars at the 1996 American Economic Association meetings and the
Bureau of Labor Statistics for helpful comments and suggestions. All remaining errors are my
own. The views expressed here do not reflect the policy of the Bureau of Labor Statistics or the
views of other BLS staff members.



Abstract
Recently, several Konus cost-of-living indexes that allow stochastic prices have been described.
However, under some conditions these indexes may violate an identity axiom and allow utility to
increase with the measured cost of living. As an alternative | use literature on consumer surplus
to describe a new Konus index that does not violate the identity axiom and ranks price regimes in
the opposite order as indirect utility functions. In addition, it provides a natural way to introduce
risk aversion into cost-of-living indexes. This is demonstrated by examining the implication of

risk aversion on the cost-of-living from fixed sample size searches.



l. Introduction

Standard cost-of-living indexes assume that prices in each of two time periods are
nonstochastic. Research, however, suggests that prices are in fact dispersed across outlets, even
after accounting for quality differencésn a world of zero search costs this dispersion is
irrelevant because every household will locate the minimum available price. More realistically,
when search costs are positive, each household faces a distribution of offered prices, and the
prices actually paid will vary across households. Therefore, an index based on nonstochastic
prices has few applications in the real world and isn’t necessarily related to indexes calculated
with stochastic prices.

Baye (1985), however, describes a Konus index for random prices by taking expectations
over the indexes of individual agents. He also shows that his index obeys several appealing
axioms. Reinsdorf (1994a) notes a limitation with Baye’s index and suggests an alternative in
which expectations are taken separately over the expenditure functions in each time period. He
then uses his index to examine the cost-of-living when households use a fixed sample size search
rule.

This paper draws upon research on consumer surplus to describe two additional
complications with these indexes. These new complications have not been previously described
because the level of utility is left undetermined. When the utility level is set by an indirect utility

function the above indexes can collapse into essentially the same index that can violate an identity

! See, for example, Van Hoomissen (1988).



axiom. Failure to obey this axiom implies that such an index can indicate an increase in the cost
of living when the distribution of prices is actually stationary. In addition, utility may increase
when the cost of living index increases. Given this possibility, the index is arguably of little value
because households may prefer a higher level of the index to a lower one.

As an alternative, | use the expenditure functional concept of Helms (1985), developed for
a measure of expected compensating variation, to create a new Konus index. This index describes
the amount of money in a later time period necessary to equate expected indirect utility in both
periods, which offers several advantages. First, it does not violate the above-mentioned identity
axiom. Second, it ranks price regimes in the opposite order as expected indirect utility functions.
Therefore, it is a useful measure of welfare changes. Finally, because it uses expected indirect
utility, it provides a natural way to introduce risk aversion into cost-of-living indexes. For
example, the gains or loses from increasing the spread of prices will depend upon household risk-
loving behavior in prices.

To show some of the implications of introducing risk aversion into a cost-of-living index,
the fixed sample size search cases in Reinsdorf (1994a) are considered. The two major results
are: First, that for the index introduced here, risk aversion, not just search, determines whether or
not a consumer benefits from increased price dispersion. Second, Reinsdorf’s intuition that a high

elasticity of substitution decreases the relative gains from search is given a precise meaning.

Il. The Standard Konis Index

A cost-of-living index is a useful way to consider welfare changes caused by changees in
factors exogenous to the individual household, such as the monetary and trade policies of

governments. By describing the effect of changes in terms of the percent of income necessary to



leave the household indifferent, it provides a unit-free measure of the change in welfare. Price
indexes, such as the U.S. Consumer Price Index, are approximations of these indexes.

To describe a cost-of-living index, first we need to assume that an individual household
has a well-behaved utility function and a budget constraint. These generate a Marshallian demand
function x(p,y), a Hicksian (compensated) demand function h(p,u) and an expenditure function
e(p,u), where p is an m-dimensional vector of nonstochastic prices, m > 1, y is a fixed level of
income, and u is some level of utility. The standard definition of a Konus cost-of-living index is
the ratio:

1) K(p.q,u) = e(p,u)/e(q,u)

where g represents prices in the earlier reference period and p represents prices in the later
comparison period. The index K shows the percentage change in income in the comparison
period necessary to return the individual to the same level of utility as in the reference period.
This use of utility information is the crucial feature distinguishing cost-of-living indexes from
‘mechanical’ price indexes.

As a consequence of this distinction, any specific price index formula is an exact cost-of-
living index only for a proper subset of utility functions. This implies that no price index formula
is ideal for all utility functions. Desirable axioms for price indexes to follow have been created,
however, and they can help researchers sort meaningfully among price indexes. Baye (1985)
suggests some analogous axioms for cost-of-living indexes when prices are random. The

nonstochastic versions for a cost-of-living index I(p,q,u) are:



Monotonicity

For an m-dimensional vectot with element j equal to, épr all j # i and element i equal te)g
with A>1, I(d},q,u)>1 and I(qg, fu)<1.

Homogeneity
ForA>0, Al(p,q,u)=IAp,q,u)
Dimensionality
ForA>0, IApAq,u)=I(p,q,u)
Identity
I(q,q,u) = 1.

The standard Konus satisfies all of these properties. The first axiom states that, if all
prices but one stay constant, then if that price increases/decreases, the index must be greater/less
than unity. This property forces indexes to show an increase in the cost of living if any price
increases. Without it, prices could rise, while the index indicates a decrease in the cost of living.
(Linear ) homogeneity just states that increasing all prices in the second period by the same
proportion should increase the total index by that proportion. Dimensionality forces indexes with
proportional prices to equal each other. The identity axiom forces indexes with identical prices to
show no change in the cost of living. Without this feature, the cost of living can appear to rise or
fall even if prices and utility do not changes.

Note that, while utility u is explicitly used, the source of utility is not specified in either the
index or in the axioms. Nevertheless, because the expenditure function e(p,u) is the inverse of the
indirect utility function v(p,y), the Konus also satisfies an additional useful axiom:

Preference Monotonicity




sgn(I(p.g.u) - 1) = sgn(v(p.y) - v(a.y)).
Without this axiom, it is difficult to make normative statements about the cost of living. For
example, one cannot conclude that a higher cost of living is undesirable because an individual may

prefer it.

. Konis Indexes Under Price Dispersion

Since the assumptions usually made to create a Konis index (e.g., nonstochastic prices)
are highly restrictive, it is not surprising that the standard Konus satisfies the above axioms. One
possible weakening of these assumptions is to allow for the random dispersion of prices. This
could represent an array of retail outlets offering different prices to a set of otherwise identical
consumers with limited information who search over prices at some cost or who search a fixed
number of times. At least two distributions are of interest here. First, the distribution of prices
that the consumer could possibly encounter i.e., the offered prices. This is the relevant
distribution when the Bureau of Labor Statistics collects price quotes from outlets to form the
consumer price index. A second distribution of interest would be a distribution over prices
located by consumers, i.e., the distribution of accepted, or transacted, prices.

Any index constructed from prices with these distributions will have to aggregate across
both prices and goods. This implies that the axioms above could not be applied because they are
designed solely in terms of goods aggregation. But without any underlying theory as guidance,
the construction of an index over stochastic prices is necessarily ad hoc. In addition, intuition
developed for indexes such as that in equation (1) may be useless.

As a step to developing a cost-of-living index methodology when prices are stochastic,

Baye (1985) proposes an index that can be used with the distribution of transacted prices. Rather



than simply use the expectation of prices in place of fixed prices, Baye takes expectations over the

whole index. This Expected Konus (EK) index is defined by

@) EK(Qp,qU) = Eée@ %(a, e

where the expectation is taken over the random price veéctord gassociated with the

probability spac€,, One interpretation of EK is that it minimizes the expected squared
deviation from a randomly selected consumer’s Konis index of transacted prices. It also equals
the expected index of offered prices under the assumption that the consumer does not change
outlets in the second period. Baye states that EK obeys useful axioms adapted for cost-of-living
indexes with random prices.

These axioms, and the random price version of preference monotonicity are:

Monotonicity (random) Defin€, s as the probability space caused by the random price véctors p

and ', where element i 6f jequals\[q;, with A being a constant greater than unity. Then for

some index El of random prices, 8If q,u) > EIQqqu) and EIQqqu) >EI(Qqq,u).

Homogeneity (random)

Define Q)4 as the probability space 0f §[p. ForA>0 AEI(QpqU)=EI(QxpqU).

Dimensionality (random)

Identity (random)

El(Qqqu)=1.

Preference Monotonicity (random)

SgN(EIQpqu) - 1) = sgn(E[v(p.y)] - EV(q.y)]).



For a given household, let the Konus index b&dgcq,u), whera\; is the realization of the

random variablé for household i. Baye shows that, iNEf1 so that E[pequals g, then EK is
less than one. This follows from the concavity of the expenditure function with respect to prices
and from Jensen’s inequality.

As a result, the cost of living always falls with the introduction of price dispersion, which
raises the issues of risk aversion generated by Waugh (1944), although it has received little
attention in the literature on cost-of-living indexes. In the present context it seems
counterintuitive that the cost of living always falls with the introduction of price dispersion
because this seems to say that households would always prefer greater dispersion to less
dispersion. On the contrary, one might expect that there is a level of risk aversion that makes an
increase in dispersion undesirable.

Reinsdorf (1994a) touches indirectly on this issue by pointing out that although EK
satisfies the identity axiom above for accepted prices, it may not satisfy the identity axiom for the
distribution of offered prices if the household searches in both periods. He gives the following
example:

[S]uppose that a single good is consumed and that offered prices in both period 0

and period 1 are distributed such that after searching consumers have equal

probabilities of paying $1 or $2. Then EK will equall®@35)+1(0.5) +2(0.25),

or 1.125. In order for EK to satisfy the identity property, it must be the case that

whenever offered prices have the same distribution all consumers locate exactly the

same price that they did in the reference period.

As a solution to this problem Reinsdorf describes an index which he titles the ratio of

expectations index and will be referred to as the REK index here, for the case where prices are

random variables due for examplel to a consumer facing dispersed prices in retail markets.



This index describes the ratio of expected expenditures over offered prices in both periods. The

REK index is defined as:

E{«p U]

3 Q —
©) REK( E[q( U]

p.qrU) =

where the expectation is taken over the prices in the first argument of the expenditure function.

IV.  New Complications

While the REK index is designed to measure the changes in offered prices, there are
potential hazards when using an expectation operator on expenditure functions. For example,
under price dispersion, the expenditure minimization problem implied by the REK has an
unsettling dual: a utility maximization problem in which prices and income are random variables,
with income varying in such a way as to hold utility constant.

This difficulty exists because the source of the base utility level u isn’'t specified. If instead
one assumes that this level is the outcome of a standard utility maximization program, then utility
will itself vary with different prices. Income can then be thought of as fixed, which implies that
expenditures in the base period are also fixed. Now u can be replaced with the indirect utility
function v(b,y), where b represents prices in some base period. Substituting the indirect utility
function into the expenditure function, the Konus cost-of-living index becomes

K*(p,a.b,y)= e(p,v(b.,y))/e(q,v(b.y))
=a(p,b,y)/a(q,b.y).
The index K*(p,q,y) can be interpreted as the percent change between p and q in the cost of
maintaining the level of utility attained with base prices b and income y. The function a(p,b,y) is

the amount of income necessary to maintain the same level of utility with prices p, as is possible



with prices b and income y. Appendix A describes several useful relationships involving a(p,b,y)
and v(b,y).

Although in principle base prices can be any period, a logical selection is the reference
period associated with prices q. Diewert (1993) defines a Konus index using this base period as a
Laspeyres-Konus index, and it will be the focus of this paper. Setting b equal to g immediately
yields

4) K*(p.a.y)=e(p,v(a.y))/e(a.v(a.y))

=a(p.a,y)ly.
This shows that the calculation of the Konis index involves only a single expenditure and utility
function. The second equality in (4) holds by P1 and P5 of Appendix A. Because g and y are the
same in both the numerator and denominator, utility is the same in both time periods. The index
K*(p,q,y) is then equal to the percent of expenditures with prices p necessary to achieve the utility
achieved with prices g and incomey.

To form the random price analog of K*, transform EK by the substitution of v(q,y) with
u? The expected Koniis index is then:

5) EK*(Q y):Eéa@ay)

. &P GY/O
a39 g 4@

p.a

% As with K*, there is no requirement that the base period for utility be the same as the period
with prices q. The generalization of REK* and EK* to an arbitrary base period are

~"'6’ |:|
EK*(Qpq.p3) = B2V

M@, b, y) O
and

s _E[u(p.b
REK*(Qp b Y) _%.
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and the ratio of expectations index is:

(6) REK*(Qp g ) = E{;(_gg 3} _ E[a(r;q Yl

Because y is a constant and base period prices e gnly distinction between REK* and EK*
lies in interpreting the probability measure as applying to offered or transacted prices. Given the
probability measure, the calculation of the two statistics is otherwise identical. One can then
consider many characteristics of the expected expenditure income ratid,EIRE
Ela(® §.y)lly , without having to specify whether the index is REK* or EK*.

For example, one can consider how EIR satisfies the cost-of-living axioms:

Monotonicity (random)*

DefineQ, ¢ as before. Then for some index EX(,Y), EI*(Q ¢ 4Y) > EI*(Qq4Y) and

E*(Qqay)> EI*(Qqq.Y).

Homogeneity (random)*

Dimensionality (random)*

ForA>0, E*(Qxparay) = EI*(QpqY)

Identity (random)*

EI*(QqqY)=1.

Preference Monotonicity (random)*

sgn(El*Qpqy) - 1) = sgn(E[v(p,y)] - E[V(a.y)]).
The following theorem shows that the identity axiom fails to hold for EIR, regardless of the

probability measure of the index:
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Proposition 1) If the prices for a normal good are random draws from a nondegenerate 11D
distribution within both periods then EIQ(Y) >1.
Proof: See Appendix B

By specifying REK* and EK* as EIRY,Y), we can also use a theorem in Helms (1985)
to examine preference monotonicity. Because this theorem describes the conditions under which
Ele(pVv(q,y)]-y has the same sign as v(q,y)- E|yjp it also gives the conditions under which
EIR - 1 has the same sign as v(q,y)- Ely{p If these conditions fail to hold, then EIR > 1 may
accompany an increase in expected utility and households actually prefer the cost of living, as
measured by EIR, to rise.

Theorem 1 (Helms 1985): Assume that v(p,y) is an indirect utility function of two goods,
one with price q in the base and random pfide fhe second period and the second a composite
numeraire good, and income y. If
sgn(E[e(v(awy))l-y)= sgn(v(a.y)-E(v(pY))

then for any p and y with x(p,y)>0

i) Vyp=XyVy
i) p=2n7
iy  pP=-€",

where

-V . . : .
p¥ =— Xy the relative level of income risk aversion
v
y

\ . . . .
pP =—F2p  the relative level of price risk aversion
v
p
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n’ = Xy (P,Y) y , the income elasticity of demand
x(p.y)
eh = h,(p, u)ﬁ, the compensated price elasticity of demand

with the subscripts on functions denoting partial derivatives

For expected expenditures to always decrease while expected utility increases, households must
be risk averse in income in a very specific manner, while being risk loving in prices in another
specific manner. For all other preferences sets, there will"eairsd g such that the change in
expected utility will move in the same direction as the change in the EIR index. By continuity,
one can also apply this argument to random q as well.

The intuition for the result is straightforward: while the expenditure function makes use of
ordinal information about utility, risk aversion uses cardinal properties. This means that
agreement between the expenditure function and the indirect utility function imposes restrictions
on the allowable types of risk aversion.

Such lack of welfare properties makes the cost-of-living index of little value in this case.
An EIR index is still generally useful for examining the cost of living increase moving from a fixed
price regime to a variable price regime where the mean prices are the same as the fixed prices in
the initial regime. It can be shown that in this case the condition necessary for a decrease in the
EIR index to always accompany an increase in expected indirect utility @ thagreater than
zero. Turnovsky, Shalit and Schmitz (1980) show that this is not unusually restrictive because a
sufficient condition fop® to be positive is thatr?-p’ > 0. For example, this holds in constant

elasticity of substitution utility functions becauseis equal to one whilg’ equals zero.
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V. A New Konus Index Under Price Dispersion

The previous section describes problems when explicitly setting base period utility in the
expenditure function when prices are random. This section suggests a possible solution that also
allows the incorporation of risk aversion into cost-of-living indexes. Once done, the large body of
literature on expected consumer surplus measures can then be applied to consumer price indexes.
As an example of the implications of introducing risk aversion, let us examine two cases described
in Reinsdorf (1994a).

Before addressing risk aversion an additional idea is needed. This concept, as described in
Helms (1985), is the ex ante expenditure functional. Denotedas gt is the solution to the
following problem:

Minimize y

subject to E[v{¢y)] > u.

This functional is the amount of money required to achieve a given expected level of utility and
can be calculated by inverting E[wp]. Itis ‘ex ante’ in the sense that the random price is
realized before the expenditure function is formed. For a cost of living index one might still wish
to know how much money is necessary to restore utility to this level if the price distribution
changes. That is, it is of interest to ask what level of income y is necessary to satis§)]Efv(p

E[v(G,y)]. Solving for y yields &,,q, y). The implied ex ante Konus index is

(7) EAK(Qp,q,y):M.

To show that EAK satisfies the modified Eichhorn-Voeller axioms of monotonicity,

homogeneity, dimensionality and identity, note that by considering the price of the same good in
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different states as separate prices on separate goodsyH[eém be considered to be an indirect
utility function itself. Therefore, EAK satisfies these axioms for the same reason that the standard
Konus satisfies them.

While clealy in the spirit of the REK index, EAK offers several advantages. First, the
maximization problem generating(&(v) and aQ,, y) is sensible. Second, the identity property
is satisfied because we are only taking expectations with respect to the indirect utility function.
Third, the index follows the preference monotonicity axiom. Helms (1985) shows this for the
compensating variation case:
Theorem 2 (Helms 1985): Given two random price vectamsdqfixed utility u and income y

sgn(eQ2p,v) - €€Q2q,v))=sgn(E[v(ay)]- E[V(B.y)])-
From this theorem it therefore holds that

SgN(EAKQ,y)-1)=sgn(E[v(Qy)l- E[V(P.Y)))-
The final advantage of this index is that it incorporates risk aversion. The change in the index
depend upon how the household views risk because the amount of income necessary to raise the
expected indirect utility level will depend upon the level of risk aversion imbedded in the indirect
utility function.

As an example, consider the cases of increased in price dispersion in Reinsdorf (1994a).
Following Reinsdorf, assume that the cumulative distribution fund¥gnz) of offered prices is
twice continuously differentiable. Also, assume that for all z the fungt{pre) has a positive

support (B,T), B <o and for at least one point in the suppbytz 0. Define

Q(r;2) Ei%dp
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Then the Rothschild-Stiglitz conditions for an increase in z to cause a mean-and-support-
preserving (MASP) increase in the dispersion of p are that (i) Q(r;z) > QIf¢B,T) and (ii)
Q(B;z) = 0.

Assume that the consumer engages in a fixed sample size (FSS) search where the search
over prices poccurs ntimes. Nonsearchers for this good are defined as those for wisguats

one. Reinsdorf states that the cumulative distribution function for the minimum prices after n

searches of prices with cumulative distribution functie(p;z) is 1-[19(p;z)]". The probability
density function is then@(p;z)[1-®(p;z)]"™ ™, whereg(p;z) is the probability density function of

p. Reinsdorf shows that, for a single good, FSS search is a sufficient condition for a MASP
increase in price dispersion to imply REK <1. The equivalent proposition for multiple goods and

EAK is:

Proposition 2) Assume the distribution of the price of good one is independent of prices
p2.....mn=p_, that good one has positive demand and that all priceavye positive support
[Bi,Ti]. Then a sufficient condition for a MASP increase in the dispersion wf pause
EAK(Qp.oY) <1 for searchers and non-searcherpiis> 0. FSS search is itself neither necessary
nor sufficient. Ifp < O, then there exists some distribution function and MASP increase in
price dispersion such that EAR( . y) >1 for searchers.
Proof: See Appendix B

In this case FSS search does not necessarily caus€EM(< 1. The more important
condition is thap®>0, i.e., that the searcher is risk-loving in prices. Wpfte0 is sufficient, it is
not necessary. A weaker condition for an increase in dispersion to caus@ EAKK 1 is that -
E(vap) is everywhere greater than 14(p;z)): ", where y is the partial derivative of the
indirect utility function with respect to the price of good one. This limit allows searchers to be

risk-averse in the price put only up to some point determined by the specific distribution
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function. Hanoch (1977) shows that, if all income elasticities are equal to unip/>ghdhen

expected utility increases from a MASP increase in all prices.

Reinsdorf also shows that in the multi-good case a MASP increase in dispersion may
reduce the REK index for nonsearchers more than searchers, even for search samples as small as
two. He points out that this occurs because high levels of commodity substitution reduce the
distinction between a consumer visiting markets for multiple goods and visiting multiple markets
for the same good. Comparisons of nonsearchers with FSS searchers is then similar to
comparisons between FSS searchers with different numbers of searches. In these comparisons the
searchers with large do not necessarily reduce, on the margin, expected expenditures more than
nonsearchers when price dispersion increases. While the same intuition holds O, EAKé&

more precise connection between substitutability and the gains from price dispersion can be made.

Proposition 3) Consider the case in proposition 2, andjlétesthe expenditure share for good i.

If either|€"] > (2 - p*) or 20 - p’ > Othen a MASP increase in dispersion benefits
nonsearchers more than searchers. If searchers benefit more than nonsearchers, thigh either
< s(2n’-p") or 20’-p’ < 0 over some price range

Proof: See Appendix B.

This proposition explicitly lays out the connection among search, elasticities and risk
aversion. For example the first sufficient condition for dispersion to relatively benefit
nonsearchers implies that the greater the level of risk aversion in income the lower the
compensated price elasticity of substitution necessary for nonsearchers to relatively benefit. This
occurs because the marginal benefits of search are reduced with greater risk aversion. Greater

risk aversion must then be accompanied by greater elasticity or searchers will be the relative
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winners. The second sufficient condition states that, beyond a sufficiently high level of risk
aversion (’=2n"), nonsearchers are relative winners regardless of the compensated elasticity of
substitution. Also, note that income elasticity works in the opposite direction as compensated
price elasticity. Finally, if preferences are Leontief, then a MASP increase in price dispersion

benefits nonsearchers only if’2p’.

VI.  Neoclassical Utility: A Useful Special Case

Diewert (1993) defines a useful set of utility functions whose elements U(x) are
neoclassical if U(x) is (i) continuous, (ii) positive, i.e., U(X) > 0 if each element of x is positive,
and (iii) linearly homogeneous, i.e.,AX) = AU(x) if A>0. This class of utility functions is useful
in clarifying the relation between the EAK index and the REK index by using the fact that the
indirect utility function has the form v(p,y) p,1). In this case, the expenditure function
e(p,u) is equal to u/v(p,1),afpy) = yM(p,1)/v(G1) and &Q,, Qq, y) = YE[V(R.1)I/E[V(G.1)].

The indexes EAK and REK* can then be expressed as

Y (ELV(ED)
_ EIBY] _ EIM@)
8 Qnq.Y)= = =
® A= T B
and
yDEB/('q,l) _ O N
(9) REK*(Qp,W y) — D %(p’l)D: Ij/(q’]-)D _

y i
It should be clear that the EAK index in (8) is inversely related to the indirect utility function so
that the EAK index only indicates an increase in the cost of living if the expected indirect utility

function decreases. Then EAK-1 varies inversely with EN{p E[v(G1)] and Theorem 2 holds.
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Theorem 1, however, still constrains an equivalent relationship for REK*. This applies if the
expectation operator generates the arithmetic mean of the random variable. In many cases,
however, we are interested in generating the geometric mean instead. For example, Flemming et.
al. (1977) show that the geometric mean avoids potential problems with the selection of a
numeraire good.

Proposition 4) Assume that utility is neoclassica and define the geometric mean of x as
exp(E[In(x)]). Then if expectations are taken using a geometric mean, EAK=REK*

To see this note that Ep]F1/E[x] for the geometric mean operator. In general, one cannot sign
the difference between REK* and EAK. For the neoclassical case, however, it is positive by
Jensen’s inequality.

While both risk aversion and risk loving in prices is possible with neoclassical preferences,
this attitude doesn’t change with income. Therefore, if an individual with a low income benefits
from a MASP increase in dispersion, he or she will still benefit even with an extremely high
income. In addition, the conditions in proposition (3) necessary for nonsearchers to benefit more
from a MASP increase in the price dispersion of good 1 can be simplifétbta | Again, if this
condition holds, it will do so for all income levels.

Finally, one can use the neoclassical utility function and the properties of a(p,q,y) to
describe the cost-of-living index version of the formula bias problem in the U.S. consumer price
index? If we use base period prices b that differ from g, REK* =

E[v(b,1)/v(p,1)J/E[v(b,1)/v(q,1)].

® See Erickson (1995), McClelland (1996) and Reinsdorf (1994b).
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Assume that the base prices are unavailable. For example, we may randomly select outlets
in the base period without recording prices. We may then wish to impute them using prices q.

The bias of this imputation is

10) B= ©Dupr] 4" o] v o[ Do)

YO ] ) - €]

Cross-multiplying and using the definition of covariance, the bias can be written as

oy V@D v(bIE
H(p) vt

e

This is analogous to the example of formula bias given in Erickson (1995). As in that case the

bias is likely to be positive because increases in v(qg,1) will cause v(q,1)/v(p,1) to rise and

v(b,1)/v(g,1) to fall.

VIl.  Conclusions

Cost-of-living index theory assumes that prices are nonstochastic. Recent work on cost-
of-living indexes, however, has developed indexes for the case when prices are randomly
distributed. This paper uses consumer surplus theory to show that if utility is set by an indirect
utility function in the reference period then two of these indexes are calculated in an identical
manner. In this case, prices with stationary distributions can result in these indexes showing an
increase in the cost of living. In addition, the index may show an increase in the cost of living
even if households are better off than before.

Both of these problems are solved if the index is formed by comparing the level of income

with the income necessary to compensate the household for the change in expected utility. This
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procedure not only resolves these problems, but also creates a context within which researchers

may discuss the use of risk aversion in cost-of-living indexes.
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Appendix A

P.1 a(p,q,y)=e(p,v(q,y)) is the expenditure function on prices p and utility level u and v(q,y) is

the indirect utility function with prices g and income level y. It also implies that for a fixed y and

prices p= g, sign(a(p,quy)-y)=sign(p-a.), where p=[pz,ps,....Rl: 0-=[02, G, .., Chl-

P.2 g(p,a,y) = h(p,v(q,y)) where h(p,u) is a Hicksian (compensated) demand function. This

means that£p,q,y) is increasing in p if demand is positive.

P.3 h(p,u)is increasing in u for a normal good and v(q,y) is increasing in y.

P.4 v(q,y) is non-increasing in g and strictly decreasing in g when prices are positive, the

individual is unsatiated and demand is positive.

P.5 a(g,q,y) =Y.

By P.1 a(p, q,y) =e(p, v(q, ¥)), so that a(q, g, y) = e(q, v(q, y)), which is equal to y.
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Appendix B

Proposition 1) If the prices for a normal good are random draws from a nondegenerate 11D

distribution within both periods then EIQ(y) > 1.

Proof:
This proof is similar to that of Helms (1984). Without loss of generality let good 1 have random
prices in both periods. L& (p) be the nondegenerate cumulative distribution function for the

random variables p and q. Then:

TT
E[a(G G ) [jalp g y)dp(p (g

_ BB
y y

Adding and subtracting y, the numerator becomes:
TT
y+[flapaqy-Ndp(p (g
BB
or

y+i11[a(p ay-Mdd(p &9+ @pay V& pd )

B,
By P1., when p < g thensa(q,q,y) < a(p,q,y) and¥ a(q,q,y) > a(p,q,y). This implies that the
first integral is negative and the second is positive. Whether the numerator is greater or less then
y depends upon whether the absolute magnitude of the second integral exceeds the first. That

being said, we can cancel out y to get:

ic};a(nqwdb(pdb(w}} 4pqye( pd( )y

Ba,

In this case, the numerator will be greater than y if the second integral exceeds the first. Because
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p and g are identically distributed we can reverse the order of integration in the second integral.

Doing this and changing the variables of integration, the numerator becomes:

ic};a(nqwdb(pdb(w}} 40 py®( pd( X

Bp,
Both integrals are being taken over the region p<q, and they are equal at the point p=q, so the
relative magnitudes are a function of the slopes)aféa(y) with respect tx. This depends upon
the sign of &(x,&,y) = dhf,v(,y))/dé. We can write this out as:
dh(x,v(&,y))/d& = h(X,v(&,Y))Ve(E.Y)-
By P3., h(x,v(§,y)) is positive for a normal good and by P4£y) is negative. The slope of
a(x,p,y) is therefore greater than the slope gf@y) for p<qg. This implies that the second

integral exceeds the first, so that the numerator exceeds y and REK* > 1.
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Proposition 2) Assume the distribution of the price of good 1 is independent of prices
p2...,mn=p_, that good one has positive demand and that all pricésmpe positive support
[Bi,Ti]. Then a sufficient condition for a MASP increase in the dispersiontofgause

EAK(Qp.qY) < 1 for searchers and non-searchergfs:0. FSS search is itself neither necessary
for sufficient). IfpP1>0, then there exists some distribution function and MASP increase in price

dispersion such that EARY, ,,y)>1 for searchers.

Proof:

Because EAKQ,Y) = a€pq V)Y, 0EAK(QpqY) 02 = §(Qpq V), Where z increases the
dispersion of the distribution of p, which is equivalent{©¢Vv) when the distribution of q is

held fixed. Because @(,v) varies inversely with the expected indirect utility function, it

sufficient to examine the change in expected indirect utility with respect to z. It is also useful to

note that, if for all z a function H(p) is positive and strictly decreasing in p over (B,T), then
T
[H(p)®,dp>0.
B

If instead H(p) is strictly increasing in p over (B,T) for all z, then:

.
[H(p)®,dp<0,
B

where® is the cumulative distribution function.

The expected indirect utility from searching n times is:

Tl Tn

E(V(P,Y); 2= I v(p y(A-0)" ' rpdg o,

1
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Tl
= E(v(p, Y)p)(1-®)" ' npdp

whereq is the pdf of the prices of goods two to m, an®@m@ndg are the numnber of searches,

cdf and pdf of good one. Integrating by parts:

E(V(P ;2= V(R VIR )]-0-®)]

T L N
+[ Hv[R)A-P) dp
B, B

where \ is the partial derivative of v with respect tp Because&b(T;)=1 and®(B,)=0, this may

be written as:

Tl
B.1) EMpY:9d=HJpYR= §)+E{ vl p)i-®) dp

T
=C+] E(vp)(L-®)" dpy
Then:
Tl
B.2) E,(v(p.Y): 9 =~ E(4|p) L~ )", dp,

where E(v(p,y);z)=0E(v(p,y);z)Pz. Because the good has positive demand and all prices are
positive, -E(y|p.) is positive. The term n(®)"*" is also positive and decreasing.pf>0 then -
E(v1|py) is decreasing inyor is a positive constant. Then -gfy)n(1-P)"* satisfies the

conditions necessary for,(&(p,y);z) to be positive so that expected utility increases with
dispersion and &, ,Qq, y) falls. FSS search is clearly not sufficient. Nothing in the above relies
on n>1. FSS search is therefore not necessarg’ i§ negative, then -E{jp,) is increasing in

p.. If n(1-P)™* falls more slowly than -Eyp,) rises then -E@p)n(1-®)" " rises. Then E

A(v(p,y);z) will be negative and an increase in dispersion raisgs,a().



27

Proposition 3) Consider the case in proposition 2, and;léesthe expenditure share for good

i. If either|">s(2n’ - p*) or 0¥ - p¥ > Othen a MASP increase in dispersion benefits
nonsearchers more than searchers. If searchers benefit more than nonsearchers, thigh either
< s(2n’-p") or 20’-p’<0 over some price range

Proof:

By the argument in proposition 2), we can consider the expected indirect utility function. By

equation (24) of Turnovsky, Shalit and Schmitz (1980), &gssgn(s(2n’-p’) - €"). Because:s
is positive anad" is negative, if 8’-p’ >0, thenp®>0. We therefore can consider the case where
p">0, which holds if and only if\>0. First, we know that expected utility is higher for searchers

than nonsearchers. Using the notation in proposition 1):
T o1 T

B.3) Evn>1)- EMn=1)=[ H\Jp)nl-®]" "o dp| EVpe dp 0.
B B

This holds by differentiating the righthand side of B.1) with respect to n:

Tl
dfE(v|p)fi-®]"dp
i = gE(v1| p,) In[1- ®]{1- ®]" dp.

dn

The terms E(Mp.) and In(19) are negative and the remaining term is positive, so the right-hand

side is positive. Integrating B.3) by parts and collecting terms:
T n-1
E(vin>1)- E(Vin=1)= [ E(\] gIl—cD][(l—cD) - ;] dp
B

Differentiating with respect to z:

OE(vIn>1)- Hvn=1) T

B.4) - = { E(ulpfi- =)o, dp
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The term [1-n(19)""] rises from 1-n to n as p increases fropt®@T.. If vi; > 0, then E(Mpy)

rises and so the right-hand side of B.4) is negative. This means that, if a consumer is risk-loving,
then increased dispersion brings E(v|n>1) and E(v|n=1) relatively closer together. Because
E(v|n>1) is greater than E(v|n=1) and their difference decreases, increasing price dispersion
benefits nonsearchers more than searchers. Now suppose tfa} &(s very rapidly over the

region over which [1-n(1p)" ] is negative and equals zero where [1-#)17 ] is non-negative.

Then the right-hand side of B.4 will be positive for some increase in dispersion. This shows that it
IS possible for increases in dispersion to benefit searchers more than nonsearchers. Because it
cannot happen ifiy> 0 over the entire range of prices, it must be the case;thalv over

some range. This only occurs if eithgt < s(2n*-p%) or 20¥-p'<0.



