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1. Introduction 2. Expenditure Distributions
The aims of this paper are tetudy family Following Lawless, we usthe generalized gamma
expenditure distributions to determine distribution as a unified means of carrying out
(1) whether transformations caimprove the probability modeling of expenditure distributions. The
normal approximation for inference purposes, generalized gamma density is defined as
(2) whether selected probability models provide _ 1 B Bk-1,—(x/ax)P
adequate fits to the data. fos (X) = WW € , Xx>0.

The data ardrom the U. S. Consumer Expenditure ) K
Quarterly InterviewSurvey for1984and 1985. The & IS @ simple scale parametemd B andk are
survey, conducted on eontinuing basis since 1980, Shape parameters. Special cases are

samples 5000 consumer units each quarter, as Weibull: k=1
described in BLS's Handbook of Methods (1992). The gamma: p=1
data arecollected for consumeunits, defined in the exponential: k=p=1.

handbook, but irthis paper we will morénformally  The lognormal distribution is a limitingase of the

speak of families or households. Usualhe concepts gamma.

coincide. Figure 1 shows possible shapes of these
This survey is the source of base period distributions. The lognormal risegiickly to a peak,

expenditures forthe U.S. Consumer Price Index. drops quickly,and thendeclines fairly slowly,and it

Additional  analytic  uses include  spending has the thickest tail amoripese distributions. The

comparisons, either across time or demographic groughape of the generalized gamma depends on the
(e.g. Jacobs, ShippndBrown, 1989,and Wagner and productﬂ k.

Soberon-Ferrer, 1990). Regression models Heen
used to estimate income elasticity of expenditures forﬁk <l= fi (X) >~ asx—0
certain categories (Gieseman and Moulton, 1987). Th%k B B
family budgetprogram,described in Watts (1980), but =1= fss(X) mode atx =0
discontinued in 1981, estimated typical expenditurespk >1= f.;(x) unimodal, (unique positive mode)
for two family types,(1) a husbandwife, and two ) _ ) _
children and (2) a retired couple. ResearchersExamples in the figure are the Weibull with=.5, the
frequently use transformations in carrying out analysesxponential, and the gamma wkh=2, respectively.
of expenditure data. Wagnand Soberon-Ferrer take Empirical distributions have been examined for two
log's of expendituresand Giesemarand Moulton use Yyears, four expenditure categories (cf. Tab)e and
square roots of food expenditures and family income. five income classes. Ithousands of dollars, the
Expenditure distributions angsually skewedight.  income classesare [0,10), [10,20), [20,30), and
For instance, within Women's Apparel, there aref30,99), plus a class of incomplete income reporters.
frequent purchases of smaller items, such as hosiery &rachobservation represents total household spending
shirts, andscattered purchases of marestly items, in thecategory for amonth. All these results are for
such as suits or overcoats. "Lifetime" or "failure time"the positive part of the distribution.  Thefull
distributions share thifeature of positive skewness, distribution consists of a spike at zero for families
andhave received detailegttention from statisticians. making no purchases in the category, plus the spending
Lawless (1982) inhis text Statistical Models and distribution. Table khowsthe overall reporting rates
Methods for Lifetime Datagives a unified treatment of for positive spending fothe four categories. Even for
common probability models for lifetimes. the broadcategoriesHome Furnishings & Equipment
We will select Box-Coxtransformations for our and Women's Apparel, jusover one-third of the
data using both theclassic maximum likelihood families report expenditures. Thiarty spending
method and alternative approaches suggested by distributions are eacfitted by maximum likelihood to
Hernandezand Johnson (1980)and Lin andVonesh the four basic distributions describeabove via an
(1989). adapted program by Jacqueline Kéeft Quesenberry
and Kent,1982). Lawless(1982, Chapter 5) refers to



Table 1. Percent Households
Reporting Expenditures

Category Percent
Home Furnishings& Equipment 38
Home Appliances 3
Women's Apparel 36
New Cars & Trucks 1

computing difficulties in earlier years in finding
maximum liklihood solutions of the generalized
gamma and, based on a reparameterizasioonws how
the maximummay be found from solving a single
interative equation. Empiricalnd fitted distributions
are graphed, andhi-square goodness-of-fittesting
carried out. (Relativeurvey weightsare incorporated

interpreting p-values too strictly, we haveot made
adjustments for the complex survey design).

Let us consider in detail Women's Apparel, Income
class 1, whichhas 4396observations for 1984. The
right skew is evident inthe histogram in Figure 2.
Even thoughover 80% of the distribution liebelow
$100, valuesange to $3451. The mean, $63piere
than doublethe median of $3@nd Fisher'skewness
coefficient is+11. The histogranshows considerable
roughness in the dat&specially noteworthwre large
spikes, occurring at $10 intervals. For instance, 67
reported expenditures are $3@t only 17 reported
expenditures are $48nd 18 are $51.Respondents
tend to roundoff. Also, in part, thisreflectspricing
strategies. Retailers are mdikely to price an item at
$19.99 than $19.00.

Among thefour basic modelsthe largestp-value
(.02) comes fronthe chi-square te$or the lognormal
distribution. This rathepoor fit isthe secondest for
the lognormal out of the ten incomelass-year
combinations. The curvature of the lognornfitd
these data bettehan theother basic distribution&f.
Figure 3). Still, it tends to b®o high between 5 and
25, and too thick in the tail. A distinct improvement in
fit is achieved withthe generalized gamma distribution
withb =.25 and k=9.5. The p-value is .38,
suggesting a comfortable acceptance of the model. The
generalized gammachieves better p-valughan the
lognormal for all ten income-year combinatioasd in
Six cases gives acceptable p-values (cf. Table 2).

Table 2 showsvhich income- year classes have
adequate (denoted "€hdinadequate (denoted '0’) fits.
The roughness of the data makes model-fitting
difficult. We did not try to accourfbr the spikes, but
did try to minimizetheir effects by acareful choice of
cells. A considerablgart of the difficulty is the
inherent diversity in these distributions. The CE

into the empirical distributions. Since we will not be Survey encompass@| types of households from all



Table 2. Best-Fitting Distributions (1984/1985)

Income Home Home Women's New Cars and
Class Furnishings Appliances Apparel Trucks

<$10,000 LN/LN EE/EE GG/IGG WB/WB
(0/0) (++) (++) (+/+)

$10K-20K LN/LN EE/EE GG/IGG GM/GM
(0/0) (.02/+) (+/0) (++)

$20K-30K LN/LN EE/EE GG/IGG WB/WB
(0/0) (0/0) (.06/+) (+/0)

$30K and + LN/LN WB/WB GG/IGG GM/WB
(0/0) (07.02) (0/0) (01.07)

Incomplete LN/LN EE/EE GG/GG WB/GM
Reporter (0/0) (++) (+/0) (0/.08)

EE = Exponential ~WB = Weibull GM = Gamma GG = Generalized Gamma LN = Lognormal

("+' denotes p-value > .10, "0’ denotes p-value < .01, Other entries are best p-values obtained.)

parts of the country.Moreover, everwithin a family, or the gamma (with k's in the 2.5-5 range¥édected
across months, spending shifts in termsatiegories for New Cars and Trucks.For Homefurnishings and
and amounts. Householdswith the largestincomes Equipment, the lognormabutperformsall the other
($30,000 or more), form the largest class in thedistributions, including the generalized gamma.
populationand also the hardest class to fitWomen's
Apparel purchases rangeom pairs ofsocks to fur 3. Transformations
coats. Home Furnishings and Equipment has no  The probability models irthe previous section may
acceptable fits, while the more bmogeneous be used for description, but usually for inference it is
subcategory HomApplianceshasseveral. Whildess desirable to have approximate normality. Tdihessic
diverse, perhapshan theother categoriedNew Cars paper byBox and Cox (1964) gives a method for
and Trucks hasomparatively small sample sizes. Theselecting a transformation to improviae normal
success irfitting most classes is due ipart to the approximation, both fothe basic distributionand for
small number of cells used in the chi-square testing. the meanderived fromit. The Box-Cox family of
Results forthe best-fitting distribution (shown in transformations is

Table 2) are fairly consistent across income class. WA 1

Parameter values do not differ greatly with income. XN == A#0,

Spendinglevels donot increase with income as much

as expected. As just discusstidt generalized gamma logx, A=0.

is chosen for Women's Apparel. Surprisingly, the (The particular form of theowertransformation is
exponential gives an acceptable fit for Majorchosen for continuity at | =0. That s,

Appliances. Either th#Veibull (with beta's around 2)



XM _ logX asA ~ 0.) The basic approach is to

computethe likelihood function under a normadodel

for arange ofl , andpick out thel with the largest 1 I

likelihood. Becausethe likelihood function is flat +(1- | )Eg[log(X)] +—Iog[Varg(X )}_

around the maximum, there is no needise an exact 2

value. It seems preferable to restrict the transformation

to relatively simple values, such as 0, 1/2, 1/4, etc. For the generalized gamma function, thesluces
For Homefurnishingand Women's Apparel, the to

optimal valuesrange between-.075 and .05for all

income classes, sothe log transformation is _1 I

appropriate. Table 3 contains the optirhafor Home c(l )—E[Iog(Zp)+1]+Iog b - 2logGli)* (k- F)y )

Appliances. With values ranging from 0.02 to .25, and

somevariation across year, one compromise solution is G(k +f)G(k) G (k - )

to select a sixth rodbr all size classes. (The average - k+=log > a0,

optimal|l is 0.16). For New Cars and Trucks, Table 3 2 !

shows amuch greater range walues, from 0.3 to 1.0.

There is no monotonic trend with incomeywever,

and thereseems to be about asuch variation within 1

income class as across. If one wishes to use a dingle G(0) ——[|09(2p)+1] logG(k) +ky (k)- k+§|09y &k),

for this category, arough compromisewould be

| =3/4. where y =y (k) ——Iog G(k) is the digamma

1
G(1)="[log(2p) +1] + Eg{logla()]}

and

. function.
Table 3. Optimal | from MLE (1984/1985)

From the function (), onecan determine the

Home New Cars and *
Income Class Appliances Trucks best valud
< $10K .015/.175 1.0207.475 EXAMPLE. Gamma distribution with k=2.
$10K-$20K | .125/.175 -850/ .615 The optimall is .30, with G(.30)=.0005. This
$20K-$30K .200/.175 1.015/.980 compares with
$30K and over | .250/.150 .300/.750 G(1) =.188
Incomplete .130/.150 .700/.415 G(.5) = .018
Reporter G(0) = .060.

The Kullback-Leibler information number is a
Can model selection contribute to transformation yci2nce function, but not oribat we areaccustomed
selection?  Hernandeand Johnson (1980) utilize a i, |, relative terms at least, thieseness to normality
distance measure to find the optimdl for g greatly improved by the optimal transformation and
transforming a known distribution toachieve 554 by the cube root, G(1/3) = .001.
approximate normality. Their resultsr the gamma
family extend to the generalized gamma family.
Given two probability densities g and h, the
Kullback-Leibler information number is defined as

For the entire gamméamily, Figure 4 indicates
how much transformations matter by plotting
G(l )=G(l k) as a function of the shape parameter k

I1(g,h) = jg(x)[l]og g(x )dx for several fixed values df . Here isthe graphwith
h(x) | =1, .5, .33, .25, and OAsymptotically] *=1/3, as
It serves as a distance meadoeeveerg andh. In

particular, if g=h, Zthen I is 0. I appearshat most of thegain comes for valuek<1,
X~g, M=E(X), o =Var(X), thenl(g,9, ») although large percentage gains achieved fotarger
measures theloseness off to the normal distribution _ _ _
with the same meaand variance. A generfdrmula Looking at Figure 4 in terms df , | =1 has the
for G(I ) the minimumI(f, ,f _,) over m ands 2 largest values forall k. The log tran_sformatlon
_ ) ms outperforms some dhe root transformationsear O,
is (withg = f, ) but beyond k=.6 all threeroot transformations are
superior.

)

shown by Hernandez and Johnson. Visually, at least, it



Table 4. Optimal | from MLE vs. Models, 1985 data

Box-Cox Generalized Gamma  Best Other
MLE Model Model

Income Class 1 (0-$10K)

Home Furnishings -.075 .075 0

Home Appliances 75 .200 275

Women's Apparel .050 .075 0

New Cars & Trucks 475 525 .800
Income Class 4 ($30 and over)

Home Furnishings -.050 .075 0

Home Appliances 150 150 275

Women's Apparel .050 .075 0

New Cars & Trucks 750 .700 .800

We now apply these results topicking Weibull are .275, .250, and .225, and in edises the
transformations for expenditure distribution3aking  distance from normality is much greatdan for the
the best-fittingmodel for each family, weancompute lognormal. The generalized gamma results \ay
G(l ) as a function of , andpick an optimal value. close to direct MLE irall cases.The largestlifference
Table 4 showd * from direct maximum likelihood, is .05, and irone of these caseNew Cars & Trucks,
the best-fittingbasic distributionand thegeneralized Income class 1, both suggest a square root
gammafor 1985data. RecallthatIncome class 1 had transformation.
adequate  fits  for all categories  except Using the best-fittingbasic distribution isnot as
Homefurnishings. Income class 4 wag hardest fit, effective. For HomefurnishingsndWomen's Apparel,
with adequate fit only for New Cars & Trucks. where the lognormal fitbest, there is agreement with

For Women's Apparel, the optimdl is .075, MLE. For Home Appliances, the exponential and
based onthe generalized gamma, thenly model Weibull modelsare usedandgive toohigh avalue of
giving an adequate fit. Maximum likelihoogives | , but using thevalue implied by these models,
virtually the same result] =.05. Either value | =1/4, probably works fairly well. FoNew Cars &
suggestghat thelog transformation is a near-optimal Trucks, thevalue is quite a bioff for Income class 1,
choice. Thevalues fromthe exponential, gamma, and but close for Income class 4.
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